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This paper contains a detailed discussion on new cosmic solutions describing the early and late 
evolution of a universe that is filled with a kind of dark energy that may or may not satisfy the 
energy conditions. The main distinctive property of the resulting space-times is that they make 
to appear twice the single singular events predicted by the corresponding quintessential (phantom) 
models in a manner which can be made symmetric with respect to the origin of cosmic time. Thus, 
big bang and big rip singularity are shown to take place twice, one on the positive branch of time 
and the other on the negative one. We have also considered dark energy and phantom energy 
accretion onto black holes and wormholes in the context of these new cosmic solutions. It is seen 
that the space-times of these holes would then undergo swelling processes leading to big trip and 
big hole events taking place on distinct epochs along the evolution of the universe. In this way, the 
possibility is considered that the past and future be connected in a non-paradoxical manner in the 
universes described by means of the new symmetric solutions. 
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I. INTRODUCTION 



Current research in cosmology is a very exciting, 
rapidly evolving endeavor. It is actually one which how- 
ever typically attracts the kind of rejections that some 
scientists use to make against every new idea or develop- 
ment in cosmology and that have successively dismissed 
big bang, black holes, inflation, cosmic strings, worm- 
holes and, ultimately, accelerating expansion and phan- 
tom energy. However, observational data are rather ob- 
stinate in favour of the two latter suggestions and thereby 
of the previous one [1]. In fact, sometimes the point is 
not so much if a particular theory or interpretation is too 
much unusual or crazy, but, as it is believed Pauli told 
Heisenberg once, whether it is unusual or crazy enough. 
It is in this spirit that we have considered the subject of 
this paper which will deal with the three new " bigs" that 
have recently arisen in the new standard cosmological 
scenario: the big rip [2], the big trip [3] and the big hole. 
Together with the big bang and big crunch, these new 
" bigs" make up the most dramatic events that may have 
occurred or may eventually take place in the universe. 

It appears already certain that the current universe is 
undergoing a period of accelerating expansion [4]. What 
is still under discussion indeed is whether such an accel- 
eration is or not beyond the barrier implied by a cosmo- 
logical constant; that is whether the parameter w of the 
equation of state p = wp is or not exactly equal to -1. 
Actually, the case which each time appears to be most 
favoured by observations is that for a value of w quite 
close to, but still less than -1 [1]. Nevertheless, no matter 
how close to -1 it could be, if w < —1 then our universe 
would be filled with some kind of phantom energy and its 
expansion would be super-accelerated. Phantom energy 
is a rather weird stuff indeed [5]. Besides its nice prop- 
erties - which would include super-accelerated expansion 



and the possibility to describe primordial inflation [6]- 
it is known to possess the following unusual character- 
istics. If dark energy is described by a scalar field 
with the FRW customary definitions, p = (j)'^/2 + V{(j)), 
p — <j>'^/2 + V{(j)), with p and p the energy density and 
pressure, respectively, and V{(f>) the field potential, then 
(i) the kinetic term 0^/2 < and therefore phantom 
cosmologies suffer from violent instabilities and classical 
inconsistencies, (ii) the energy density is an increasing 
function of time which would make the quantum-gravity 
regime to appear also at late times, (iii) the dominant en- 
ergy condition is violated so that p+p < 0, and (iv) there 
will be a singularity in the finite future dubbed big rip at 
which the universe ceases to exist and near of which there 
may appear cosmic violations of causality. These proper- 
ties define phantom energy in the quintessence scenario. 

The present paper aims at considering big rips and big 
trips, so as the newest possible phenomenon that might 
also occur in the future and that we shall here denote 
by big hole, in the context of new cosmological solutions 
where such events will all take place not just in the fu- 
ture but also in the past and the definitions of dark and 
phantom energy are generalized. We shall first review in 
a few more detail what is understood by big rip, big trip 
and big hole in usual quintessence when the equation of 
state is p — wp. Using the general expression 



^ = -3if(l + ^) = ^, 
p H 



(1.1) 



where H = a/a and w is taken to be constant, we can 
derive expressions for the scale factor a{t) and the energy 
density in the quintessence model to be 
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in which C is a constant and the universe speed-up any- 
way, and 



Pit) = H' = 
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... (1.3) 



Now, in the phantom regime defined by w < —1, it can 
be seen that p increases with t up to the time 



t = t^ = to + 



2a, 



-3(|t«|-l)/2 
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(1.4) 



at which it diverges. It can be seen that the scale factor 
a{t) also blows up at f = f,. This curvature singularity 

is what we call big rip [2]. If no pathological space-time 
branches would connect the super-accelerating expanding 
region before the big rip to the contracting region after it 
transmitting physical information, then the big rip would 
mark the end of the universe and everything in it. In 
the quintessence model phantom energy will therefore be 
characterized by p > 0, p + p < 0, 0^ < 0, a big rip 
singularity at f = and a positive definite potential 



V{(t)) = l{\w\ + l)c;2g-3.^H^(0-0o)^ 



with 
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in which (j)o is another constant. 

On the other hand, it has been shown that phantom 
energy makes the kind of stuff that leads to formation 
of Lorentzian Morris-Thorne wormholes [7]. Therefore 
such wormholes would be expected to copiously crop up 
in a universe dominated by phantom energy. Now, once 
they are formed with a size small enough as to be sta- 
ble against vacuum polarization, these wormholes would 
start accreating phantom energy to induce a swelling pro- 
cess in the wormhole spacetime that inflates their throat 
so quickly that, relative to an asymptotic observer, they 
would engulf the universe itself at a time in the future 
given by [3] 



t = to + 



(3 + Ubo{\w\ - ly 



(1.7) 



where bo is the initial radius of the spherical wormhole 
throat, /3 is a constant and ^ is a numerical coefficient of 
order unity. Thus, the universe would find itself passing 
through the tunneling from one mouth to the other at 
a time that precedes the big rip for a presumably short 
while and that, depending on the relative kinematic char- 
acteristics of the resulting insertions of the two worm- 
hole mouths, might make the universe travel in time to- 
ward the past or future. This traveling is what has been 
dubbed big trip [3] and, far from being a catastrophic 
event, it really could offer a possibility of escaping from 
the doomsday implied by the big rip. 



Finally, let us consider what we mean here by a big 
hole. It is now a matter of common wisdom that our uni- 
verse contains many black holes whose sizes ranges from 
a few solar masses to several billions of solar masses. The 
latter black holes are called supermassive and are thought 
to be placed at the galactic centres. Any of such black 
holes would accrete dark energy with w > — 1 in a pro- 
cess that parallels phantom energy accretion by worm- 
holes and that would in principle lead to a swelling of 
their event horizon so gigantic that eventually the black 
hole would finally swallow the whole universe in the finite 
future, at a time [8] 
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(1.8) 



where Mo is the initial mass of the black hole, po is the 
initial energy density and i? is a numerical constant of or- 
der unity. When dealing with quintessence models, this 
black hole swelling becomes an irrelevant process how- 
ever. In fact, putting reasonable astronomical data in 
Eq. (1.8) allows us to discover that in this case the ac- 
cretion of dark energy could only significantly modify the 
black hole size if the initial black hole mass would be of 
the order of the total mass of the universe, a situation 
which can never be expected to occur along the entire 
evolution of the universe [8]. It will be seen neverthe- 
less that in the context of the cosmological models that 
will be considered in this paper black holes can perfectly 
undergo a big hole process. 

The paper is organized as follows. In Section II we 
shall deal with two new phantom cosmological solutions 
to represent the space-time of an accelerating universe. 
What is new about such solutions is that, in addition to 
showing a big rip in the future, they also predict a big rip 
in the past, and that the nature of its phantom energy 
is dual to that for phantom energy in usual quintessen- 
tial solution. Sec. Ill contains a study of the accretion 
of phantom energy by wormholes and black holes in the 
space-times described by the new solutions. It will be 
shown that in such universes there will be multiple big 
trips and big holes, depending on the cosmic time on 
which the observer is placed. The possibility that the 
future and past be connected by means of black hole 
and wormhole swellings in this kind of cosmologies is dis- 
cussed in Sec. IV. Finally, we conclude and add some 
comments in Sec. V. Throughout the paper we use units 
such that 87rG/3 = c = 1. 



II. COSMIC SOLUTIONS WITH TWO BIG RIPS 

In this section we shall consider two new cosmolog- 
ical solutions that correspond to super-accelerated ver- 
sions beyond the De Sitter space as given in the form 
a = Hq^ cosh{Hot), i.e. to space-times that evolves both 
in positive and negative time and can be shown to be 
symmetric relative to < = 0. 
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FIG. 1: Evolution of solution I with time from a big rip in 
the past to a big rip in the future. 



Let us consider first a solution described by a scale 
factor of the form 



a{t) = a{l3 + X tan x) . 



(2.1) 



where x = Kt, k, a and /3 are all positive constants. We 
will study this solution in the interval —tn < t < tn, 
where tn = it /2k. We shall hereafter refer to the scale 



factor (2.1) as solution I. In Fig 1 wc give a plot of such 
a solution which can be obtained by using the Darboux 
transormation [9]. 

It is easy to see that a(±i/j) = -|-oo, i.e. there is big 
rip singularities at t = ii^. Moreover, on the subin- 
terval —Ir < t < the universe would go through a 
contracting stage which ends up at t = 0, from which 
it starts expanding to finally end again up in a big rip 
aX t — +tR. Such a behavior is highly unusual indeed. 
Notice as well that a{t) does not vanish at any points 
along the considered interval; the minimum value of the 
scale factor occurs at a(0) = af3. Now, we show that the 
number of free parameters entering the scale factor (2.1) 
is efficiently sufficient to describe our observed universe; 
that is they can satisfy the following three conditions: 
they should reproduce (1) the current value of the Hub- 
ble constant, H{to) = Ho = hx 0.324 x 10"^^ s'^ , where 
45 < h < 75, (2) ao/ao = 7H^/10, and (3) ao ~ lO^^ 
cm. We shall check in what follows that this is actually 
the case. In fact, replacing the solution (2.1) into the 
Friedmann equations for a flat universe, we get for the 
energy density 



P = 



«2(r- 



xT^) 



2\2 



(/? + xTy 



(2.2) 



and for pressure 



J 



SK^a^^T* + 2x{2p + i)T{T'^ + 1) + (4/3 + Qx^ + l)T^ + 4/3 ■ 

3(/3 + xTf 

I 



(2.3) 



where T = tana;. We can then obtain an expression for 
the Hubble constant 



H 



and 



k{2x + sin(2a;)) 
2 cos a;(/3 cos a; + a; sin x) 

Ak'^{1+xT) 



(/3 + xT) cos2 X ' 



(2.4) 



(2.5) 



Since the combination given by Eq. (2.5) is definite neg- 
ative we deduce that the strong energy condition is per- 
manently violated and therefore the universe undergoes 
constant acceleration. 

Let us now consider condition (2). We can write for 
the constant (3 



/3 = 



(80cos^ xo - 52)xl - 12a;osin(2a;o) + 7sin^(2a;o) 
80 cos a;o (a;o sin a;o + cos xq ) 



(2.6) 

It can be seen that at small values of a;o , /3 behaves like an 

inverted Higgs potential (Fig. 2). The values which are 
of interest here are those that lead to positive /3. Such 



values lie in the range xq < x^ 
evaluate the constant k to be 



0.6. We can then 



IHq cosa;o(2a;o + sin(2xo)) 
40 (a;o sin a;o + cos a;o ) 

which in turn implies that 

40a;o(a;o sinxo + cosa;o) 



to 



x^ 

K 



7 Ho cosa;o(2a;o + sin(2a;o)) 



(2.7) 



(2i 



and tn = -k/{2k). We can now calculate the length of 
time 



— tn — to — 



(tt - 2xo)to 
2x0 



(2.9) 



The results of the numerical computations are summa- 
rized in the table. In the first row we give the different 

values of xq from 0.1 up to 0.6; in the second row- the 
least values of the scale factor, reached at f = dur- 
ing the change of regimes of expanding. Next two rows 
present the value to for two limiting values of the Hub- 
ble constant: /i = 45 and h = 75, correspondingly. This 
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FIG. 2: Evolution of parameter /3 with time. At small xo it 
adopts the shape of an inverted Higgs potential. 



value is related to the time elapsed since the beginning of 
the universe expansion up to the present. The values of 
At^ for ft, = 45 and h = 75 are presented in the fifth and 
six rows. The last two rows contain the values computed 
for the age of the universe with respect to /i = 45 and 
h = 75, respectively, i.e. the time passed from t = —t^ to 
t = to- All times in the Table are expressed in ordinary 
years. 



A quite clearer physical motivation can be ascribed to 
a solution (which will be denoted as solution II) stem- 
ming from the Randall- Sundrum branc world model I 
[10] where the Fiedmann equations can be written as 



(2.10) 



A fully symmetric solution with the big rips symmetri- 
cally displayed around t = can immediately be obtained 

by choosing ti = 

The energy density and pressure will be: 



2A 



P = - 



1 - 18Ae2 {t - tiY 



<0, 



(2.14) 



-2-=p + 3p+^(2/9 + 3p). (2.11) 

d A 

The solution of the equations (2.10), (2.11) has the 
form 



,6e 



where 



1- 18Ae2 {t-ti) 



= tf, = -1 - 2e, 



2 ' 



(2.12) 



e > 0, =const and s =const. 

Thus, to obtain the big rip singularities one need to 
choose A > 0. On the other hand, a{t) must be positive 
so that s > 0. We have two big rips at 



t±=h± 



1 



3eV2A 



(2.13) 



2A(1 -I- 2e) 



1 - 18Ae2 {t - ti) 



> 0. 



(2.15) 



Now, let consider the universe filled with scalar field (f), 
such that 

p = K + V, p = K-V, 

with K = (^2/2, V = y(0). Using (2.14) and (2.15) one 
gets 



K = 



2Ae 



and 



V 



1- 18Ae2 {t-hY 



2A(e+ 1) 
1- 18Ae2 {t-tiY 



>0, 



(2.16) 



< 0. (2.17) 
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Thus, in the brane world wc have the highly nontrivial 
situation that a model with negative potential (and pos- 
itive K) results in a big rip singularity. 
One can see that 



and 



p + p- 



3p + p 



4Ae 



1 - 18Ae2 {t - tiY 

4A(1 + 3e) 
l-18Ae2(t-ti) 



>0, 



>0. 



But since p < both weak and strong energy conditions 
are violated. It is interesting to note that 



6eA (6Ae(t - tif + 18Ae2(t - tif + l) 
1 - 18Ae2 {t - tif 



> 0. 



Wc restore finally as a function V{(f)). To do this one 
need to find (f) = (j){t) from Eq. (2.16), expressing then 
t = t{4>) to finally substitute it into Eq. (2.17). After 
simple calculation one get 



and hence 



!!>o ± -\ -arcsin 



2A(e + l) 



cos2 {3^{cP-ct>o)) 



(2.18) 



where =const. Note that in this case the field (p is real 
in spite of corresponding to a phantom stuff. 

Thus, we have a model with positive tension, positive 
K, negative potential V, negative p = K+V and positive 
pressure p = K — V. At the same time, p + p > 
{p + 3p> too) and d/a > 0. This universe is filled with 
a scalar field with the rather amusing potential (2.18). 

We have two big rips at t = t± (see Eq. (2.13)). In 
the "classical" limit A — » oo we have only one big rip at 
t = ti. Therefore, the situation with two big rips (initial 
and final) should be taken to be a brane effect. 

It has been seen that inserting a parameter w < —1 
in this brane world model leads to a distinct phantom 
stuff, one which is dual to the phantom energy resulting 
in quintessence with w < — 1 in that in the present case 
it is the energy density p but not p + p what is negative 
definite. Moreover, dual phantom is associated with a 
scalar field with negative potential and positive kinetic 
term. The only prediction which is shared by phantom 
and dual phantom is the emergence of future (or past) 
singularities. 

Actually usual phantom energy with negative scalar- 
field kinetic term appears to occur only in the regions 
before the first big rip at t_ and after the second big 
rip at t+ (see Fig. 3). Had we taken w > — 1 in the 
precedent calculation then the resulting scale factor had 
described a universe initially contracting down to a sin- 
gularity (a big crunch respect to an interior observer or 
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FIG. 3: The different daxk-energy and phantom-energy re- 
gions which can be obtained for Solution II. Dual regions cor- 
respond to the interval between the two symmetric (big bang 
or big rip) singularities and are originated from pure brane 
effects. 



a big bang respect to the exterior, following region) at 
a = 0, both for positive and negative time, followed in 
the two branches by usual accelerating regions which ex- 
tend toward infinity. It is worth noticing that in this 
case, whereas the exterior accelerating regions are filled 
with conventional dark energy, in the region between the 
two zeros dark energy would be also unusual in that it 
would be the dual (with negative values for p and p+p) to 
conventional dark energy (Fig. 3). All the regions with 
dual stuffs would disappear in the limit A ^ oo where no 
brane is present. Therefore the existence of such regions 
and hcucx; of a second big rip can be considered to be a 
pure brane effect. 

We note finally that at first sight it could seem unnat- 
ural to talk about big rip singularities and accelerating 
universe in a model of brane world which would be ex- 
pected to describe the early universe. However, since the 
absolute value of the energy density is an increasing func- 
tion of squared time in the present model, the brane and 
quantum effects are here expected to become relevant at 
late time, instead of at the early stages. 

The brane symmetric solution, on the other hand, has 
a rather surprising property which can help to create and 

maintain a shortcut for interstellar travel. In fact, fol- 
lowing Krasnikov [11] one can define a shortcut as fol- 
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lows. Let C be the timelike cylinder in Minkowski space 
L^, M a globally hyperbolic spacetime and U a sub- 
set of M . Then U will be a shortcut if the isometry 
K : (M — U) ^ (L^ — C) and two points p and q exist 
such that p < q (i.e. there is a future-directed timelike 
curve from p to q) and this is not the case for k(p) and 
K,{q). Examples of shortcuts are wormholes (like the one 
we are going to consider in the next section) and the so- 
called Krasnikov tube [12], [13]. In all the cases where a 
shortcut takes place the weak energy condition (WEC) 
T^vi'^t" > (where T^^ is the stress-energy tensor and 
is any timelike vector) must be violated. Now, even 
though violation of WEC in quantum field theory can 
be an allowable phenomenon (like in Casimir effect) the 
artificial creation of shortcuts (for example, by future 
advanced civilizations) is rather problematic because of 
the following reason. Ford and Roman ([14], [15]; see 
also [16], [17]) showed that in the case of d = 2 massless 
scalar fields the following inequality holds 

Pf= dTp{T)f{T - ro) > -|t2 - Ti|-^ (2.19) 

where p = T^^ ("hats" mean that one use the orthonor- 
mal basis), d is dimension of the spacetime and / is a 
function such that / G C°°, supp/ e {t2,ti) and [33] 

Jti fir) 

It is currently believed that this inequality will apply 
for all cosmic solutions and shortcuts. In Ref. [11] (see 
also [13], [18]) it was actually shown that if the inequality 
(2.19) holds then one would need to have E/c^ = 3 x 
10^^ kilograms of negative energy to construct a shortcut 
able to allow for the translation of an object with a size 
about 1 meter. Thus the condition (2.19) demonstrates 
that future manufacturers of shortcuts will meet with 
serious, rather unsurmontable difficulties. However, if 
we consider solution (2.12) and take as the absolute 
value of the time at which future big rip takes place, then 
using Eq. (2.14) one gets 

/■T2 

lim / rfTp(r)/(T - To) = -oo. 

Therefore inequality (2.19) no longer applies in the case 
that we add phantom energy to a RS brane type I, so that 
the above alluded difficulties for constructing shortcuts 
in the future are largely relaxed. 

III. BIG TRIPS AND BIG HOLES IN THE 
SYMMETRIC SOLUTIONS 

Apart from their intrinsic interest, the cosmic solutions 
considered in Sec. II could allow in principle for the fol- 
lowing possibility. It is known that as one goes toward 
the big rip singularity there would occur the process of 



a fast wormhole swelling taking the size of the wormhole 
throat to infinity before the universe reaches the big rip 
[3]. The point now is: does such a wormhole swelhng take 
also place as one is approaching the big rip at negative 
time? If this question is answered affirmatively then it 
would be only natural to suppose that in the distant fu- 
ture a space-time bridge could be formed reversibly link- 
ing the universe about to get in the future big rip with 
the same universe shortly after the past big rip. Or in 
other words, we can then have a model which bears a 
striking similarity with the famous Godel model allowing 
for closed timelike curves [19]. Moreover, if instead of a 
wormhole swelling we would have a black hole swelling 
leading to what we have dubbed as a big hole, then the 
bridge between future and past could also be formed, 
this time in an irreversible fashion. In what follows we 
shall investigate this problem by considering the phan- 
tom energy accretion onto wormholes and black holes in 
the framework of the cosmological solutions discussed in 
Sec. II. 

There is a simple argument which seems to pre- 
clude the existence of a symmetric couple of wormhole 
swellings, both leading to big trip in the symmetric so- 
lution I. That argument runs as follows. Similarly to as 
an antiparticle is nothing but its counter particle moving 
backward in time, the exotic mass of a wormhole should 
be seen as just ordinary matter in a Schwarzschild worm- 
hole evolving in an external negative time. However, a 
wormhole with ordinary matter is known to be unstable 
and pinches off immediately to convert itself into a black 
hole plus a white hole. Thus, a wormhole with positive 
mass evolving backward in time is expected to be unsta- 
ble by the following argument. As one is going backward 
in time the first of the considered models becomes ex- 
actly equivalent to a phantom model moving forward in 
time due to the symmetric character of the solution, and 
therefore the positive energy density and curvature tend 
to infinite as t tends to —tR. It follows that as one is ap- 
proaching —tu there will be a phantom energy flow into 
the wormhole which makes its positive energy to decrease 
and really vanish at the singularity at —tR. This is the 
instability that prohibits a big trip to take place on the 
negative time branch of the solution. Whether or not one 
would take this instability to be the same as that taking 
place in black holes in a quintessential phantom universe 
becomes a matter of interpretation. This heuristic pre- 
diction can indeed be confirmed by calculation. In fact, 
if we write the Friedmann equations for a flat universe as 




2^ = -{p + 3p) (3.2) 

By rearranging and substituting in these equations, we 
have: 

-,iP + P) = --+[-) (3-3) 
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Now, the known expression for the rate of mass of a 
wormhole due to phantom energy accretion is [3] 



rh = --Am'^{p + p) 



(3.4) 



Integrating this rate equation with the use of Eqs. (3.3) 
and (3.8), we obtain 



m = mo ( 1 — Amo 



ajt) _ a(to) 
^a{t) a{to) 

We consider next the scale factor 

a{t) = a{l3 + nt ■ tan{Kt)) 



(3.5) 



(3.6) 



where a, k and /? are all positive constants. We will 
study solution (3.6) on the interval —Ir < t < Ir, with 
tR, = Tv/ (2k). It is easy to sec that a{±.tR) = +oo, so that 
the Universe starts at a big rip singularity and thereafter 
goes along a stage of contraction on —Ir < < i which 
ends at t = 0; then it starts expanding, finally ending 
again at a big rip singularity. With this scale factor we 
can obtain: 



m{x) = mo 



1 + AmoHo — AmoK- 



uiC2,:) 



1 -1 



(3cosx + xsin{2x) 

"(3.7) 

where we have defined x = Kt, — 7r/2 < x < -nil. 
Then m(x ±7r/2) = 0. It is trivial to notice that 
m(x) ^ to(— x), i. e., the growth of the wormhole does 
not preserve the symmetric character of the scale factor 
under time reversal. As we shall see now this asymmetry 



leads to the emergence of a big trip (i.e. a blow-up of the 
wormhole throat size) only on the positive-time branch, 
not on the negative-time branch. In order to study the 
emergence of possible divergences in the case of solution 
I, we subdivide the interval in three pieces: 

a. Subinterval —■jt/2<x<0 Here we can express 
the mass as 



m{x) 
mo 



= [l + Amo{F{x) + Ho)y 



where 



^ 2x + sin(2x) 

F{x) := -K- ^—i— > 0. 

pcosx + xsin[2x) 



If there is a wormhole within the Universe, then it will 
always have a finite size on that subinterval. 

h. Point x=0 At this point the wormhole throat will 
have a finite size which equals m(0) = mo(l+j4mo-ffo)~"'^- 

c. Subinterval < x < 7r/2 In this case, we have 



m{x) 
mo 



= [1 + AmoHo - AmoG{x)Y 



where 



G{x) 



-F{x) > 0. 



It follows that if the wormhole grows infinitely some- 
where, it will be along this subinterval. The divergence 
points will be the zeros of de function J(x), with 



J{x) = (1 + AmoHo)(3cosx + [(1 -|- AmoHo)x — AmoK]sin{2x) — AmoK2x. 

I 



We can see that, since J(0) > 0, J(7r/2) < and J{x) is 
continuous; then there necessarily is at least one zero on 
this subinterval (if there would be more than one zero, 
then they must be a odd number; but we think that, 
because of the regular recurrence of the function, there 
are not more of one zero onO < x < tt/2). That is, there 
is a big trip here but, as we have seen, there cannot be 
another one symmetric to this on the subinterval defined 
for negative time. 

We note however that, even though there is no big 
trip on negative time, a big hole should be displayed on 
negative time in spite of the feature that we are dealing 
with a dark stuff with w < —1, where no big hole would 
be in principle expected. If we have a black hole of mass 
M, then the rate of change of M due to the accretion is 
given by [21] 



M=-BM^p + p), 



(3. 



with B another numerical constant whose value is of the 
order A. In this case we obtain for the black hole mass 



M{x) = Mo 



1 - BmoHo + BMqk- 



2x + sin(2a;) 



Pcosx -h a;sin(2a;) 

(3.9) 

Clearly, the zero of the denominator in this expression 
takes now plac;c; on the subinterval on negative time (first 
of the above subintervals), but not on the subinterval on 
positive time. This indicates that a big hole must take 
place. Unlike in quintessence models, such a phenomenon 
would have quite relevant effects in this case and proceed 
up to completion for any set of reasonable parameters. In 
Fig. 4 we schematically show the processes of big trip and 
big hole for solution I. 

We shall consider in what follows the emergence of big 

trip events in case of solution II. The rate of change of the 
wormhole throat radius in the case of a brane symmetric 
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Big Rip 



Big Rip 




Big Hole 



Trip ■ 



FIG. 4: Relative placements along time of the big trip and 
big hole processes which take place for solution I. It can be 

observed that whereas a big trip of wormholo occurs on pos- 
itive time, the big hole of black hole takes place on negative 
time. 



solution (ti = 0) is 

h = 3Aep 



6AeA 



18e2At2 - 1 ■ 
which, after integrating, yields 



h = 



(l-3V2Aet)((l+3V2A£to) 
( 1+3 V^et) ( 1 - 3\/2Aeto ) 



(3.10) 



(3.11) 



The zeros of the denominator of this function would take 
place at 



i = - — -U 
1 + C 



(3.12) 



where = l/(3v2Ae) is the absolute value of the time 
at which the big rips take place, and 




^ t! \ g2/(AV2A6o)_ 



(3.13) 



It follows that (1) if < < t*, ^ > 1, then there 
will be a divergent wormhole swelling on — < t < 
(a situation that also corresponds to < |fo| < t*, with 
^ < 0); (2) if < io < i*, < C < 1, then there will be a 
divergent wormhole swelling on > i > 0; (3) if to > t». 



^ < 1^1 > 1, then there will be a divergent wormhole 
swelling on t < — (a situation that also corresponds to 
\to\ > U: with ^ < -1, 1^1 > 1); and (4) if to > t*, C < 
1^1 < 1, then there will be a divergent wormhole swelling 
on t > t» . Hence, there will be a big trip on every of the 
possible regions in which the whole time interval running 
from —00 to +oo. A similar, but not the same situation 
is also attained in case that we have a black hole instead 
of a wormhole. In this case, the rate of change of the 
black hole mass M due to accretion is 



M 



-3Bep ■■ 



QBeX 



18e2At2 - 1 ' 



(3.14) 



with which the following time-dependent black hole mass 
can be derived 



M 



1 + 



(l-3V2Aet)((l+3V2A£to) 
(l-f-3v^et)(l-3y2Aeto) 



(3.15) 



Thus, M will diverge (big hole) at exactly the times 

t=l^U, (3.16) 

l + T] 

with 

/ 1 *o \ 

-2/(B\/2AMo) ^3 j^y-j 



' 1 _ *o. ' 



Relative to the distinct observers we obtain in this way 
a set of possible big holes distributed along the entire 
interval. The precise pattern of such big holes, together 
with that for big trips is displayed in Fig. 5. II will be 
discussed in the next section how all the regions of the 
complete time interval can be connected to each other 
without passing through the big rip singularities. It has 
been pointed out that, contrary to what is currently ob- 
served, braneworld scenarios do not allow the existence 
of static black hole [22]. At first sight, this could make 
the above calculation on black holes irrelevant. However, 
we are using a kind of nonstatic black holes which might 
be allowed in braneworlds and, moreover, one can always 
take our model as an approximation where any kind of 
black holes can be added. 



IV. BRIDGES TO THE PAST AND FUTURE 

A Morris-Thorne wormhole can be converted into time 
machine allowing any object traversing it to time travel 
into the past or future when the two wormhole mouths 
are provided with a given relative motion [23]. Thus, 
since the space-time where the mouths of such a worm- 
hole are inserted has a given expanding or contracting 
dynamics, one should expect that a swelling wormhole 
might behave like a time machine and, when sufficiently 
grown up, it could even make the swallowed universe and 
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Big Rip 




FIG. 5: Distribution of the processes of big trip and big hole 
over the time for solution II. The exact positions will de- 
pend on the initial parameters characterizing the correspond- 
ing hole, 6() for the wormholes and Mo for the black holes, 
and on the time at which the observer is placed. 



everything in it to time travel as well. It has been in par- 
ticular shown [3] that during the wormhole swelling in- 
duced by phantom energy accretion the chronology pro- 
tection conjecture [24] ic violated, so that macroscopic 
wormholes become quantum-mechanically stable during 
that accretion process. According to the distinct pro- 
cesses considered in the previous section we can have dif- 
ferent kinds of bridges connecting the past and future of 
the universe, circumventing or not a singularity type big 
rip, big bang or big crunch. In order to determine the 
structure and properties of these bridges, we have to take 
into account two requirements: (1) Any of the space-time 
swelling processes we have considered in this paper must 
be described for an asymptotic observer at radial coordi- 
nate r oo, for otherwise such processes simply cannot 
take place or would lead to quite different behaviours [3] , 
and (2) by their very definition, the spacetime of both 
a Morris- Thorne wormhole and a black hole ought to be 
asymptotically flat. This condition makes it impossible 
that the universe can travel along its own time through a 
single wormhole. We thus distinguish the following pro- 
cesses. 

Single wormhole processes While still smaller than 
the host universe, the swelling wormhole may allow for 

given amounts of energy to time travel. Once the worm- 
hole has grown up larger than the cosmological horizon 




FIG. 6: Pictorial representation of the big trip process when 
it is carried out by a single grown-up wormhole within the 
framework of a multiverse picture. In this case the universe 
does not travel along its own time but behaves like though 
if its whole content were transferred from one different larger 
universe to another, also larger universe. 



it can no longer insert its mouths into the host universe 
and, in order to become implanted somewhere, it must 
necessarily making recourse to other different, sufficiently 
larger universes, if they are at all available (for example 
in a multiverse scenario (see Fig. 6)), while satisfying the 
Israel junction conditions. The lack of a common time 
for the assumed set of universes would convert the big 
trip into a simple energy transfer process without any vi- 
olation of causality. There is thus no proper time travel 
in the latter case. 

Processes induced by a couple of swelling worm- 
holes As a couple of wormholes, one in the past and the 
other in the future, are growing bigger than the universe 
in which they are implanted, these wormholes should 
cease to insert their mouths onto the large regions of 
the universe where they were originally inserted. The re- 
sulting open mouths of one of the wormholes can be then 
connected to the resulting open mouths of the other, so 
that the two wormholes turn out to be mutually con- 
nected to each other in such a way that they form up a 
compact, closed quickly inflating tunnel during the while 
when their throats have grown beyond the size of the 
cosmological horizon. The imiverse trapped inside can 
then flow along the resulting traversable closed tunnel. 
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FIG. 7: Pictorial representation of the big trip process when 
two grown-up wormholes axe used, one in the past and the 
other in the future. In this case the two wormhole connect 
their mouths in such a way that they form a compact tunnel 
through which the universe can travel along its own time, into 
the past or future. 



travelling in this way along its own time (see Fig. 7). 
This "big kiss" can always be made to satisfy the Israel 
junction conditions and therefore effectively allows for 
the existence of connections between the past and future 
of the universe. Once the wormholes are annihilated just 
after the big trip by converting themselves into a couple 
of black/ while hole pairs, the universe would continue its 
conventional causal evolution, re-starting at the moment 
it has finished its time travelling. 

Processes induced by the combined action of a 
swelling wormhole and a swelling black hole The 

topology resulting in this case is like that of the two 
swelling wormholes considered in the precedent situation, 
unless by the feature that one of the two wormholes is 
replaced for a swelling black hole. The effect is the same, 
too: the universe can time travel along its own time, 
this time by using a black hole in the past or future as 
an intermediate stage on which the wormhole is inserted 
in a way that also satisfies the junction conditions. At 
first sight, it could be expected that the black hole would 
rapidly accrete all the exotic energy that keeps the worm- 
hole throat open, so making impossible this kind of pro- 
cess, but that does not happen in any the cases consid- 
ered in Sec. Ill because the black hole swelling takes 
place only on the branch of time (negative or positive) 
where its surface gravity becomes always repulsive rela- 
tive to an observer moving (forward or backward, respec- 



tively) in time. 

Thus, the question posed at the beginning of Sec. Ill 
can be responded in the affirmative. Bridges linking the 
past and future of the universe may be formed that mark 
the itineraries of closed timelike curves in a way that is 
somehow reminiscent to the dream that Godcl kept for 
most of his late life. Moreover, wormholes by themselves 
may serve as ways of escaping from the initial and rip- 
ping singularities. However, the question of what hap- 
pens with causality should still be addressed in such a 
scenario. In fact, the connection between past and future 
in our universe may lead to time travel paradoxes (TTP); 
that is, you for example can kill your parents before you 
were born (grandfather paradox) or you can kill yourself 
in the past [34]. Could paradoxes like these be avoided 
in our scenario? There actually are many articles dealing 
with this matter but the solution is still unclear. For ex- 
ample, Krasnikov [25] has defined time travel paradoxes 
in physical terms, concluding that no paradoxes arise in 
general relativity. Another possible way to solve TTP is 
connected with the many worlds interpretation of quan- 
tum mechanics [26], but this solution is faced with its 
own problems too [27]. 

A very attractive solution to the problem of TTP was 
suggested in Ref. [28]. For the case of a "hardsphere" 
self-interaction potential and wormhole time machines, it 
was showed that for a particle with fixed initial and fi- 
nal positions traversing the wormhole just once, the only 
possible trajectories minimizing the classical action are 
those which are globally self-consistent. The principle of 
self-consistency (originally introduced by Novikov) be- 
comes thus a natural consequence from the principle of 
minimal action. Although the verdict is still not settled 
down on the general validity of this solution (see, for ex- 
ample, [27]), we shall assume it to be correct. Then it 
will be shown in what follows that the flatness problem 
can be solved without making recourse to the inflationary 
paradigm. In order to understand how this is possible, 
let us consider the one-particle Schrodinger equation 



ih— = -— v^^- 

dt 2m 



(4.1) 



Using Bohm substitution [20] '3/ = Rc^^/^ (with real func- 
tions R and S) we can obtain two equations. The first 
one will be just the Hamilton- Jacobi (H-J) equation for 
a single particle moving in a quantum potential 



U = V- 



V^R 
2m R 



The classical principle of minimal action will hold if 
U = V. In fact, classical mechanics assiimcs that a 
particle executes just single paths between two points 
basing on the minimization of the classical action S. In 
quantum theory all possible paths contribute to the path 
integral. Thus the principle of minimal action will hold 
in the present case if V^R = 0. On the other hand, the 
latter equation has no bounded nonsingular solutions un- 
less we have R =const [35] . The simplest example is the 
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plane waves in nonrelativistic quantum theory. The wave 
funetion describes then a free particle. 

We can perform a parallel development for the 
Wheeler-DeWitt equation Hip = 0, where H is the super- 
Hamiltonian operator and ip is the wave function of the 
universe. Therefore we will have tjj = Re^^^^, where 
R =const. In other words, R does not depend on the 
scale factor a. Such a non-normalizable wave function of 
the universe was already suggested by Tipler in [29] by 
introducing the boundary condition that the quantum 
state of the universe should allow Einstein equations to 
hold exactly in the present epoch. One can therefore 
conclude that this boundary condition must be satisfied 
in order to avoid the emergence of TTP in cosmology, 
provided the conclusion in [28] is correct. We note how- 
ever that in the neighborhood of the big rip singularities 
Einstein equations cannot hold and therefore TTP could 
then take place. 

Moreover, by using a wave function with R =const 
Tipler also showed how the flatness problem can be 
solved. To see this, let us consider the probability that 
we will find ourselves in a closed universe with radius 
larger than any given radius agiven 



whereas 



L 



\'ij}\^da = +00, 



[■0|^da < +00, 



so the relative probability that we will find ourselves in a 
universe with radius larger than any given radius agiven 
is one. Thus, using the condition that there are no TTP 
one can also solve the flatness problem in cosmology. 

To make this point clearer let us return to the case of 
(4.1). If y = then the solution of (4.1) has the form: 



-i(?lPt/(2m) + fcr=*) 



(4.2) 



In the lab we have prior information about initial loca- 
tion of the particle so one must consider wave packet 
rather then plane wave (4.2). But if we do not have any 
(prior) information then we are compelled to use the non- 
normalizable wave function (4.2). In this case we cannot 
calculate the probability ]3(y < Vgi^en ) to find the parti- 
cle inside the given volume Vgi^en and one can conclude 



that p(y < Vgtyer. 



I . The probability to find this 



particle out of this volume but inside the volume Vi will 
be proportional to Vi — Vgiyen ■ Now a relative probability 
can be obtained exactly: 



given 



It follows that the relative probability to find the particle 

inside of the volume Vgiy^n iVi ^ +oo) will be zero and 
the relative probability to find this particle outside this 



volume will be one. This is a direct consequence from not 
having any prior information. 

This situation is unusual for the lab but usual for 
quantum cosmology. In the latter case we do not have 
any prior information and one need to use the non- 
normalizable wave function of the universe ip instead of, 
say, a wave packet. It is well known that the wave func- 
tion of the universe is non-normalizable in tree-level ap- 
proximation and this problem can be solved by including 
loop effects. But in the framework of our above approach, 
the wave function in tree-level approximation becomes 
the true wave function and all loop effects must be sup- 
pressed. Our conclusion therefore is that when avoiding 
time travel paradoxes the way we have outlined above, 
one finds an extra unexpected reward: the solution of 
the flatness problem without making any recourse to in- 
flationary ideas. 



V. CONCLUSIONS AND FURTHER 
COMMENTS 

This paper deals with new symmetric cosmological so- 
lutions for the late or early universe by using dark en- 
ergy stiiffs that satisfy the energy conditions or violate 
them in several different ways. The distinctive property 
of all such solutions is that they can double in a sym- 
metric manner the main singular events predicted by the 
corresponding quintessential cosmologies. In particular, 
they make the big rip and the big bang (or big crunch) 
to appear twice, one on the positive branch of time and 
the other on the negative one. However the effects of 
the accretion of this generalized dark energy onto black 
holes and wormholes do not display such a symmetry so 
that the big trip only appears once, either on the positive 
branch or on the negative branch of time. An interesting 
aspect of our work resides on the possibility of making vi- 
able a relevant swelling of black hole space-times so that 
it may lead to the here dubbed big hole phenomenon by 
which the black hole grows so big as to swallow the whole 
universe. That big hole was precluded in quintessence 
models and is also predicted to appear here just once, 
either on positive or negative time. 

The most interesting sector of the above solutions are 
derived from the brane world scenario and it is shown 
that the prediction of a second singular events is a pure 
brane effect and that the late evolution of the universe 
predicted in such brane models is due to the existence 
of an energy density whose absolute value increases with 
cosmological time, so making most relevant the brane 
and quantum cfFecits to appear at the latest times. On 
the other hand, the simultaneous emergence of the big 
trip and big hole phenomena before and after the cosmic 
singularities makes it possible to circumvent such singu- 
larities so that the full interval for the universe evolution 
is extended to cover the entire range from t = — oo to 

t = +00. 

It should also be remarked that in case that e < 
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in the symmetric solution derived from the brane model 
(solution II), the two symmetric zeros of the scale factor 
at t± = ±tbb = l/(3\/2A|e|) actually correspond to two 
big bang (or big crunch) singularities where the energy 
density diverges. Such singularities can be also circum- 
vented as, similarly to as it happens for positive e, worm- 
hole and black hole swellings and its corresponding big 
trip and big hole, now taking place at 



entering the equation of state is discretized so that [32] 



t = T = 



1 



tbb, 



with 



for wormholes and 




^2/{AV2\bo) 



-2/(B\/2AMo) 



(5.1) 



(5.2) 



(5.3) 



for black holes, would again crop up along the entire time 
interval from — oo to +oo in such a way that, relative to 
different observers placed on distinct regions of that in- 
terval, there will be no need to pass through the big bang 
(or big crunch) singularities. This mechanism may pro- 
vide us with a new alternative for a smooth creation of 
the universe, other than the Hawking no boundary con- 
dition [30] or the Gott's noncausal self-creating condition 
[31]. 

Before closing up, a quite interesting point is worth 
mentioning. The checked possibility of establishing 
causality-violating links between the region inside the 
two big rips and the regions outside that interval for 
brane solutions (2.12) makes it unavoidable that the 
space-time to be considered extends from —oo to +oo 
without passing through the big rip singularities. How- 
ever, for this to be possible it is necessary that the scale 
factor be well-defined along this infinite interval, a case 
which can only be satisfied if the parameter e (or |e| in 
case of the solution containing two symmetric big bangs) 



e = 



12(n-|-l)' 



n = 0, 1, 2, 3, , oo. 



(5.4) 



Even though we do not quite understand yet the deep 
physical meaning of this requirement one can still say 
that: (i) it leads to a preliminary "quantization" of both 
the involved dynamical quantities such as the energy den- 
sity, pressure, potential energy and scalar field, and the 
space-time quantities such as the occurrence time for big 
bang and crunch, big rip, big trip and big hole, and (ii) 
it makes any future or past event horizon to disappear, 
so allowing for any amount of information to be trans- 
ferred during the big trip process and the formulation 
of fundamental theories based on the definition of an S- 
matrix, such as string or M theories, to be mathemati- 
cally consistent. It is tempting to speculate nevertheless 
that the discretization of the equation of state parameter 
could be regarded to be at qualitatively the same footing 
with respect to a proper quantum theory of the universe 
as the original Borh theory did in relation with the final 
probabilistic description of the quantum mechanics of the 
hydrogen atom. 

Although the present work is of a rather speculative 
nature, all the mathematics and physics involved are rig- 
orously performed and displayed to yield clear results al- 
beit at least some of the interpretations that follow them 
turn out to be debatable. The authors are therefore sus- 
picious that the conclusions derived in the present paper 
might play some roles related to subjects such as the fi- 
nal quantum description of the universe and its future 
evolution. 
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